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1. INTRODUCTION 
The nonlinear Schr5dinger equation (NLSE) 
tu~ = ux~ + 2~1-12 (1) 
describes a wide class of physical phenomena, e.g., modulational instability of weak water waves, 
propagation of heat pulses in anharmonic crystals, helical motion of a very thin vortex filament, 
nonlinear modulations of collisionless plasma waves, self-trapping of a light beam in a color 
dispersion system, laser plasma interaction in optical filaments, and dynamics of the complex 
function of a narrow banded wave train with cubic nonlinearity. 
Taha and Ablowitz [1] compared the performance ofvarious numerical schemes for equation (1). 
The methods compared were finite difference methods (implicit-explicit scheme, Crank-Nicolson 
scheme), Ablowitz and Ladik scheme, split step Fourier method, and the pseudospectral scheme 
of F6rnberg and Whitham [2]. The accuracy (Lot-norm) for computations was fixed leaving the 
other parameters k or h (where k and h are step lengths in time and space directions, respectively) 
free, and the computing times required to attain such accuracy for various choices of the param- 
eters were compared. It was observed that the split step Fourier method worked best for (1), 
followed by the pseudospectral method. Ramos and Villatoro [3] presented a numerical study of 
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the modified NLSE (1) and found that, for periodic and homogeneous Dirichlet and Neumann 
boundary conditions, the interaction between the solitons and boundaries was equivalent to the 
collisions between the solitons in initial value problems or quarterplane problems. 
Delfour et al. [4] considered the following NLSE along with the initial condition: 
iUt + iuu  -- A2u ÷ AuIu[ p-1 ÷ o~r = O, 
u(x , t  = 0) = ¢(x), r = Ixl, (2) 
which includes the effects of dissipation (u) and nonhomogeneity (a) in the propagation medium. 
In the absence of damping and nonhomogeneous effects, the exact solution of (2) is given by 
u(x, t) = f (x  - et)e zg(x-dt), 
f (x )= (p+ 1)q sech2 [ ( _~ ql/2 (x -xc ) ]  
2A 
e (3) 
g(x) = -~x  + ¢, ¢ : constant, 
q=~ d+ >0, 
where the constants e and d represent the velocities of the envelope and the carrier waves, 
respectively. An O(k 2 + h 2) finite difference scheme along with suitable discrete forms for the 
conservation laws was used to solve equation (2). Novel finite difference approximations, in tune 
with the discrete forms of the conservation laws was presented for the various terms in (2). A 
detailed study of the case A < 0, p = 3, was given by Zakharov and Shabat [5]. Peranich [6] 
reconsidered the numerical solution of the NLSE (2) presented by Delfour et al. [4] and found 
that one of the proposed conservation laws was incorrect. Peranich [6] gave the correct form of 
the conservation laws and introduced the transformation 
u(x, t) : ~-"~,(x, t). (4) 
This transformation reduces equation (2) and the initial condition to 
iwt O, 
w(x,  t : o) = ¢(x). 
(5) 
(6). 
The associated conservation laws simplify to 
[w[ dx -- / [¢12 dx = constant, (7) 
2 cqt ~ e -(p-1)ut c~- [Wl p+I dx + -~- -~ r[w[ dx = O. (8) 
Following Delfour et al. [4], an O(k 2 + h 2) numerical scheme on a uniform mesh for the solution 
of equation (5) was derived by Peranich [6], which is given as 
; v~m 2h~ ~x + ~)  + T Ixml  + ~)  
i~+xl ~+1 _ iw~,~+~ i~÷11 ~ (w~ +x (9) -~ .__  e - -q tnq- I /2  __ : 
p+1 l~m÷ll~ _ lw~I~ I~E ~ +~)  o, 
where 
q (p 1)u, w .  n+l 2wn+l w n vt tUm wm+l  n 2 n n "= - -  = (~xWm = Wm+ 1 etc. - -  Wm,  - -  Jr-  m- - l ,  
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The conservation laws in equations (7) and (8) are, respectively, approximated by 
h E Cam = h E cn+l  = constant (10) 
and 
where 
h (A ÷I 
Z - + Z - + Z - = 0, (ii) 
1 I , 
An = U [w l "+1 n wn 2 ha  : , Cm : m , q l  - -  e-qt'+l/2, q2 = - - .  
p+l  2 
The scheme in equation (11) is of O(k 2 + h2). 
The physical model of the NLSE represents ituations requiring large scale computations. 
Thus, for wave simulations, the numerical method proposed should at least possess two proper- 
ties. First, the method should represent faithfully amplitudes of the solitons. Second, since the 
positions of the wavefront are as important as the amplitude of these waves, the proposed method 
should be capable of predicting such wavefronts with minimal error. Uniform mesh may produce 
inaccurate results, particularly in reference to the location of the peak of the soliton as well as 
the corresponding amplitude at that position, when the mesh is coarse. If the mesh is too refined, 
then this would greatly increase the computational effort. In the absence of dissipation and non- 
homogeneous effects, we recomputed the solution of equations (5) and (6) using the numerical 
scheme proposed by Peranich [6]. We have used the same values of the parameters including 
the initial condition, as considered by Peranich [6]. From the exact solution, it was observed 
that the maximum amplitude which is 1.5 should be located, for example, at spatial locations 
x = -14.92, x = -11.00, x = 9.0, for times t = 0.02, t = 1.00, t = 6.00, respectively. However, 
computations reveal that with the spatial mesh size h = 0.1, the location of the peak occurs at 
x = -14.9, -11.1, and 8.7, respectively, for the cases t = 0.02, 1.0, and 6.0. This shows that the 
peak value 1.5 occurs at locations other than the correct position. This was due to the inability of 
the uniform mesh to identify the position of the peak accurately. For example, at time t = 0.02, 
the position of the peak at the spatial location x = -14.92 cannot be obtained correctly, since 
by choice of the spatial mesh size, the nearest mesh point was at the spatial location x = -14.9, 
which was hence predicted as the correct peak point. These errors accumulated to result in the 
distortion of the peak of the soliton at t = 6.0. 
Delfour et al. [4] commented that the computer program must provide a facility to vary the 
spatial interval Ix0, xy+l]  during computations in order to track the travelling wave solutions like 
solitons. In this context, we propose a moving variable mesh scheme, so that the location of the 
peak as well as the maximum amplitude of the soliton is predicted more accurately. Section 2 
begins with a brief introduction on the strategy for the construction and implementation of the 
moving variable mesh in the current context. This is followed by the derivation of variable mesh 
schemes for the solution of the NLSE given in (2) along with its associated conservation laws, 
whose linear stability analysis is examined in Section 3. Finally, in Section 4, the results are first 
compared with the available exact solution when the damping and nonhomogeneous effects are 
absent and then test comparisons were also done with the results obtained by Peranich [6]. This 
is followed by numerical experimentation, when the damping and nonhomogeneous effects are 
included. 
2. VARIABLE  MESH SCHEMES 
In the variable mesh scheme, the spatial discretization is done in a nonuniform manner with 
the mesh size refined at the region of large changes. Variable mesh schemes proposed by Jain 
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et al. [7] for solving singular perturbation boundary value problems are extended in this section 
to solve equations (5)-(8). The given interval [y, z] is divided into N parts where 
y : X 0 ~ X l  ~ " "" ~ X N ~ Z,  hm ~ Xrn  - xm-1 ,  
hm+l = 0"mhm, m = 1 ,2 . . .N .  
To construct he variable mesh, we need to find the basic mesh distance hi. As in [7], we have 
R : x N - x 0 = z - y ,  h i  = 
R 
(1 -~- o 1 n k- 0"10" 2 -[- . . .  -[- 0"10"20"3"'" 0"N- l )  ' 
where the parameter am controls the mesh size. If 0-m ---- 1, then it reduces to the uniform mesh 
case. To simplify the variable mesh, we take am = a, a constant, for m = 1, 2 , . . . ,  N as in [7]. 
Then, 
R (1 - a) 
h l  : (1 -]- a -1- 0-2 q - " "  -t- O 'N-1)  : R (i----~r'N')" 
When a is fixed, this decides the value of hi. In general, if the region of large changes exists 
near the right-hand boundary, we choose a < 1, which in turn results in concentration of mesh 
points near the right end. For a similar effect in the left end, we choose 0- > 1. Since, in 
the present analysis, the region of large changes in amplitudes is located near the center of the 
interval [y, z], we first consider the left interval, [y, (y + z)/2] and construct a variable mesh by 
taking a < 1. This results in concentration of mesh points on the right end. Now, on the right 
interval, [(y + z)/2, z], we take the mirror reflection of the meshes in the left interval. The overall 
procedure results in concentration of mesh points at the center which is the origin. Note that 
only at the origin the mesh distances on the right and left are equal. 
For the implementation of a variable mesh which moves along the axis as the computation 
progresses, we start by taking the position of the peak of the soliton as the center (origin) and 
proceed to construct a concentrated mesh around this peak. This is suggested, as the region of 
sharp change is at the peak of the soliton with the graph of the amplitude falling around this 
peak. In the remaining part of the region of consideration, the graph of the amplitude is smooth. 
Initially, at t = 0, the origin of the variable mesh is located at the peak ((max Iwl)) of the soliton 
obtained from the initial condition. After the solutions at time level t = k are computed by 
iteration, the position of the peak of the soliton (max Iwl) is located for further computations 
corresponding to the next time level t = 2k. The origin of the variable mesh is now moved to 
this new location (the movement being towards the right or left depending on the direction of 
propagation of the soliton) and again a concentrated mesh is constructed around this peak. In 
the present analysis, the origin moves to the right similar to the behaviour of the soliton. Before 
proceeding to the next time level t = 2k, we first need an initial approximation corresponding to
the new nonuniform mesh. Hence, on the variable mesh corresponding to the new origin, at time 
level t = k, we obtain the amplitude of the solutions on the new nonuniform mesh points, by 
using interpolation of the solution amplitudes available at the previous nonuniform mesh points. 
The resulting system on the new mesh is again solved on the same time level t = k, and the 
initial approximation for the next time level t = 2k is obtained. At this stage, the location of the 
peak may move to the order of 10 -2  o r  10 -3 on either side of peak of the soliton. Next, using 
the initial approximation, the system on the new nonuniform mesh at time t -- 2k is solved by 
iteration. This process is repeated until t -- tmax is reached. 
Two variable mesh methods are proposed for the solution of equation (5). 
SCHEME I.  
t; (W n+l  - -  wnm)  - -  kq3  (Fmn+l - (1 + a)F~ + aFt_ l )  + kqlH~f~m + kq2 [Xml Fnm = O, (12) 
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where 
1 n ~ n+l  
q3 [a(1 + a)h2m] ' Fn Wm 
and q, ql, q2 are as defined earlier in equation (11). 
CONSERVATION LAW I. 
~+1 _ ~ = 0, 
: (lW -kll p+I-  lWnml p+I) 
) 
where the conservation law is evaluated using the trapezoidal rule as 
1 [ ] 
~,~ = ~ ~ Iw~l 2 + I W~_ll 2 
CONSERVATION LAW II. 
~n+l  n -3~. =0, 
where again, we use the trapezoidal rule for evaluating the integrals as 
1Ehm(Dn +D n 1 /~n = 4 m--l) @ ~ql E hm (Bn -~- Bn-1)  
(la) 
(14) 
1 
+ ~q~ Z h.~ (i~ml c n + l~m-,l cL_J, 
with 
Ga = I~+, -  (1 - .2 )~a - .2~_11 ~ 
(a(1 + a)h 2) 
and B n, C n,  etc. are as defined earlier. The schemes given by equations (15) and (16) are of 
orders O(k 2 + ha). When a = 1, equation (15) reduces to an O(k 2 + h 4) scheme. Both Scheme I 
and Scheme II along with the initial and boundary conditions lead to a system of nonlinear 
algebraic equations which is solved by an iterative procedure similar to the one used in [6]. 
(16) 
1 
q- -~ q2 E hrn ([Xml C n -{-[Xm_llCrnz_l), 
En n - - ( l+a)  n +aW n 1 1), = w.~+l wm m-l ,  21  = ~ (~2 + ~_  
1 
p2 = 15(~ + 1) (1+ 3a + ~2), 
1 
P3 = i~-  (1 +,  - ,2 ) ,  vn  = ~ (~+1 _ ~n)  + kq,H~,F:~ + kq2 Lxml F t ,  
and H~, F~, etc. are as defined earlier in equation (12). 
CONSERVATION LAW I. Same as scheme (13). 
CONSERVATION LAW II. 
,.yn+l _ "~L = O, 
where the conservation laws are evaluated by trapezoidal rule as 
1 G. 1 ql Z hm (B~ + B~_I) ~m = aZh~(Ga + ~-1)+~ 
where 
where 
D~ : ]wnm+l - wn]2  
h~+l 
and B,~, C~, etc. are as defined earlier. Using Taylor expansions, we find that the numerical 
3 schemes given in equations (12) and (14) are of orders O(k 2 + hm) and O(k 2 + hm) , respectively. 
When a = 1, equation (12) reduces to the Peranich [6] scheme. 
SCHEME II. 
k (En+l + Enm) h2 (plV~r~+l Y~n q-P3 m_l) O, (15) _ _ n  P2  m g'n "= 
2 
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3. STABIL ITY  OF  D IFFERENCE SCHEMES 
Linear stability theory is used to gain insight into the stability of the Schemes I and II, respec- 
tively. Applying Scheme I to the linearized form of equation (5), we obtain the following system 
of equations: 
((t + t?) I + T) w n+l : ( ( L  - -  ~) I -- T) W n+i, (17) 
where T is the tridiagonal matrix in which the subdiagonal, diagonal, and superdiagonal e ements 
are [C-N+i ... CN-2], [a-N+1.. .  aN-l], and [b-N+1... bN-2], respectively, with 
k 
IIwll =maxIw~l ,  ]lxII =maxIxm],  O= Ak(IIwll+a]IxH), f /m= h2 m, 
rim tim 
#i= ( l+a) '  #2--  2 ' 
- - ,  m = -N  + 1 , . . . , -1 ;  
am = ~m, m = O, 
O'~' lm,  m = 1, . . . ,  N - 1, 
#1 a'  m=-N+l , . . . , -1 ,  
bm = --#2, m = 0, 
a2#l, m= 1 , . . . ,N -1 ,  
-#1, m=-N+l , . . . , -1 ,  
Cm =- --#2, m = O, 
--apl, m= l , . . . ,N -1 ,  
and the entries of the matrices are suitably defined. The matrix T is real, unsymmetric, and 
tridiagonal with am > 0 and bmcm > O, respectively. By writing T* --- D - i  TD,  where 
D = diag [d-N+l, d-N+2,. . . ,  d_ 1, do, d i , . . . ,  dN-2, dN-1], 
d_N+i = l, do=aV/-~(l  +a)d_ i ,  di = i 2(1-~a) d0, 
din-1 
dm =av/-Edm_i, m=-N + l . . . .  , -1 ,  d in -  an~E, m= 2 ,3 , . . . ,N -1 ,  
we find that T* is a symmetric matrix. T is similar to a symmetric tridiagonal matrix, and 
hence, T has real eigenvalues ~,~ (see [8]). Using VonNeumann analysis, we find that the error 
equation satisfies the relation 
~nA-1 ~- Q~n, (18) 
where 
Q=[( i+0)  I+W]  - i  [ ( i -Ù ) I -W] .  
Let Tm denote the eigenvalues of Q. Then we have 
i - ~ - ~?m (19) 
Tin-- i + O + r]m. 
We find that ITml = 1 and p(Q) = 1, where p(Q) is the spectral radius of Q. VonNeumann 
condition is satisfied and the Scheme I is (linearly) unconditionally stable. 
Applying Scheme II to the linearized form of equation (5), we obtain the following system of 
equations: 
[(i + O) T2 + T1] W n+l  = [ ( i  - -  0) T2 - T1] w n, (20) 
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where T1 and T2 are real, unsymmetric tridiagonal matrices of the form T, the elements of which 
are suitably defined. Equation (20) can be rewritten as 
w ~+1 = Qw n, (21) 
where 
Q = [(~ + 0) I + T~- lT1]- I  [ ( i _  O) I -  T~-IT1].  
Both the matrices T1 and T2 satisfy the same property as T, and hence, are similar to symmetric 
matrices. Thus, the matrices T1 and T2 have real eigenvalues, and hence, T~ -1 has also real 
eigenvalues. We could not as yet obtain a proof to show that the eigenvalues ~?m of T~IT1  are 
real. However, computations performed with various values of N have shown that T21T1 has real 
eigenvalues. With ~?m taken as real, we find that p(Q) = 1. Again, the Von Neumann condition 
is satisfied and Scheme II is (linearly) unconditionally stable. 
4. RESULTS 
Numerical experiments were done with the damping parameter (u) taking values 0.0 to 0.2 and 
the nonhomogeneous parameter a taking values -0.2 to 0.0. For the present analysis, as in [6], 
we used the initial condition with the phase angle set equal to zero as 
w(x, O) = 1.5 sech (1.5(x + 15)), (22) 
and the boundary condition as 
W(X-N,t)=O and w(xlv,t )=O, Vt. (23) 
For the various test experiments, we considered A = -2.  The time step increment is taken as 
k = 0.2, and the spatial interval of integration is taken as (-30, 30) with respect o the origin 
of the variable mesh at any time level. The total number of spatial mesh points is taken as 
N =- 150 on either side of the peak of the soliton. In order to study the effect of mesh length 
on the solution of the NLSE, computations were done for a = 0.960, 0.965, 0.970, 0.975, 1.00, 
respectively, with the small values of a producing a dense mesh at the peak of the soliton. The 
maximum and minimum values of the step lengths in the spatial direction for different values 
of a are given in Table 1. 
Table 1. Maximum (hmax) and minimum values (hmin) of step lengths. 
(T 
0.960 
0.965 
0.970 
0.975 
0.980 
1.000 
hmin hmax 
2.75e-03 1.2026 
5.22e-03 1.0550 
9.72e-03 0.9094 
1.76e-03 0.7672 
3.11e-03 0.6304 
0.4 0.4 
Computations are first performed with the uniform mesh scheme proposed by Peranich [6] for 
u = 0 and (~ = 0 to find whether the location of the peak of the soliton is accurately predicted 
and attains the maximum value there. Results were compared with the available xact solution. 
It was found that in the absence of any damping and nonhomogeneous effects, the location of the 
peak of the soliton was in error, the magnitude of which increases when the computations are 
carried for large times. For example, from the exact solution, it can be found that the maximum 
amplitude which is 1.5 should be located at spatial ocations x = -14.92, x = -11.00, x -- 9.0 for 
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times t = 0.02, t = 1.00, t = 6.00, respectively. However, computations reveal that, for the spatial 
mesh size (h = 0.1) as considered in [6], the location of the peak occurs at x = -14.9, -11.1, 
and 8.7, respectively, for the cases t = 0.02, 1.0, and 6.0. This deviation is due to the choice 
of the step size. For accurate prediction of the location of the peak of the soliton, very small 
mesh size is required, and this in turn implies solution of large systems of nonlinear algebraic 
equations. The proposed variable mesh schemes results in only less than half the number of 
linear algebraic equations and predicts the peak and the maximum amplitude of the soliton with 
a greater accuracy. 
Next, test runs were performed using the proposed variable mesh schemes for studying the 
damping and the nonhomogeneity effects. Table 2 gives the location of the peak of the soliton (x0) 
and maximum amplitude [Uma×l at t = 6 for ~ = 0.0, a = 0.0, and for a = 0.965, 0.970, 0.975, 
0.980 using both Schemes I and II. From the results given in Table 2, we find that in comparison 
to the uniform mesh scheme, the variable mesh has predicted more accurately the location of the 
peak and the maximum amplitude of the soliton. The results obtained from Schemes I and II 
were found to be comparable. As expected, the higher order Scheme II produced more accurate 
results. An examination of the associated first conservation law indicates that the energy of the 
soliton pulses remains conserved and the second conservation law is satisfied to a greater degree 
of accuracy. This is again in conformity with the behaviour predicted from the exact solutions. 
Also, as the propagation of the soliton is considered in the homogeneous medium, we expect he 
pulse propagation to remain invariant under translation. The plot of the soliton is depicted in 
Figure la for ~r = 0.970 using both the variable mesh schemes. From the plot, it can be observed 
that the soliton pulses travel towards the right without any decay. Thus, the amplitude of the 
pulse is faithfully reproduced by the variable mesh schemes even for large times. Away from the 
peak of the soliton, no oscillations in the amplitudes are observed even for large times. 
Table 2. Location of peak of soliton (x0) and maximum amplitude (IUmaxl) at t = 6 
for u = 0.0, a = 0.0. 
Scheme I 
xo [Um~xl 
0.965 8.923 1.5083 
0.970 8.927 1.5088 
0.975 8.914 1.5121 
0.980 8.878 1.5235 
1.000" 8.700 1.5260 
* [6] ,  X 0 ( . . . .  t )  : 9 .0  
Scheme II
xo IUma×l 
8.9549 1.5073 
8.9515 1.5087 
8.9536 1.5117 
8.9110 1.5218 
Computations are done for various values of u and a, i.e., when the effects of damping and the 
nonhomogeneity n the propagation media are included. Tables 3-5 give the location of the peak 
of the soliton (x0) and maximum amplitude IUm~×l at t = 6 for ~ = 0.0, 0.1, 0.2 and a = -0.2, 
-0.1, 0.0 and for values of a = 0.965, 0.970, 0.975, 0.980, using both Schemes I and II. The plots 
for various combinations of the values of ~ and a are given in Figures lb- l i .  It was observed 
that when the effect of damping parameter ~alone is taken into consideration, the soliton pulses 
decayed but a total broadening in the profile occurred so as to conserve the energy of the system. 
However, the pulses were observed to be stationed at the same spatial locations as for the case 
= 0 and a = 0. If the effect of nonhomogeneity n the propagation media alone is analysed, 
it was found that the soliton pulses travelled without any decay, thereby conserving the energy. 
But in the present case, for the same time level, the soliton pulses were observed to be positioned 
at a forward spatial location compared to the case of ~ = 0 and a = 0. This indicates that the 
propagation of the pulses in the nonhomogeneous media were at a higher speed in comparison to 
that in the homogeneous media, the speed being more for larger magnitude of the nonhomogeneity 
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parameter. When the effects of both damping and nonhomogeneous parameters were considered, 
it was found that the behaviour of the soliton pulses were similar to those for the individual cases. 
1,o AAA AI 
1.25 A: t = 0 1.25 A: t = 0 i 
C: t = 4 [~ J~ I I  
D: t = 5 I I  I I  I I  . DI ~ = 5 
t .00  1.00 E: t = 6 
0.75 ~ 0.75 i 
! 
0.50  0.50 
0.25 0.25 
0.00  f . . . . .  I . . . . .  1 , ] , .  , I  . . . . . . . . .  , - . .  r l ]  0 .00  ¢ ] .'. . . . . . . . . .  
-20  -15  -10  -5  0 5 10 15 20 -20  -15  -10  -5  0 5 10 15 "2'0 
X. X, 
(a) (b) 
1.50 1.50 
1.25 A: t = o 1.25 tl ~ A: t = 0 
B: t 4 t t ~ ~ B: t = 1 
C: t I I  H C: t = 4 
D: t Jl H D: t = 5 
1.00 E: t 5 1,00 H I E: t = 6 
Zo.75 70.75 
050 ~ 0.50 t 
0 .25 0.25 
000-20  -15  -1 (  -5  0 5 10 15 20 
×o X° 
(c) (d) 
1.50 7 1 .50  
1.25 I A: t - 0 1.25 A: t = 0 B: t  ~ 1 B : t  = 1 
C: t ~ 4 C: t = 4 
D: t ~ 5 D: t = 5 
1.00 E: t ~ 6 1.00 E: t = 6 
0.50 0.50 
o., o2, ;  
ooo  . . . . . . . . . . . . . . .  ooo  . . . . . .  . . . . .  -20-15-10-5 0 5 10 15 20 -20-15-10-5 0 5 10 15 20 
Xo Xo 
(e) (f) 
F igure  i .  IUI versus  Xo  using Scheme I ( -x -x -x - )  and  Scheme II ( - - )  a t  t imes  t = O, 
t = 1, t = 4, t = 5, t = 6, and  for (a) a = 0.0, u = 0.0, (b) c~ = -0 .1 ,  u = 0.0, 
(c) a = -0 .2 ,  u = 0.0, (d) a = 0.0, u = 0.1, (e) a = -0 .1 ,  u = 0.1, (f) a = -0 .2 ,  
v = 0.1, (g) a = 0.0, ~ = 0.2, (h) c~ = -0 .1 ,  v = 0.2, and  (i) a = -0 .2 ,  u = 0.2. 
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F igure  1. (cont.) 
Tab le  3. Locat ion  of peak  of so l i ton (xo) and max imum ampl i tude  ( [Umax])  a t  t = 6 
for v = 0.1, a = 0.0. 
Scheme I
xo ]Um~×l 
0.965 8.995 0.4787 
0.970 8.976 0.4777 
0.975 8.954 0.4783 
0.980 8.911 0.4808 
Scheme II 
xo IU . . . .  [ 
9.0137 0.4838 
8.9996 0.4820 
8.9732 0.4816 
8.9433 0.4833 
Tab le  4. Locat ion  of peak  of so l i ton (xo) and max imum ampl i tude  (IUmaxD at  t = 6 
for v = 0.0, c~ = - -0. i .  
Scheme I
xo IU . . . .  I 
0.965 12.946 1.5242 
0.970 12.944 1.5246 
0.975 12.941 1.5287 
0.980 12.870 1.5431 
Scheme I I  
xo [Uma×l 
12.985 1.5245 
12.981 1.5254 
12.980 1.5293 
12.935 1.5423 
Nonlinear Schr6dinger Equation 
Table 5. Location of peak of soliton (x0) and maximum amplitude (IUmaxl) at t = 6 
for ~---- 0.1, a = -0.1. 
0.965 
0.970 
0.975 
0.980 
Scheme I 
xo IUmaxI 
12.975 0.5116 
12.957 0.5106 
12.941 0.5114 
12.902 0.5144 
Scheme II 
xo IUmaxl 
13.002 0.5219 
12.994 0.5189 
12.980 0.5179 
12.967 0.5193 
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Once again, it was found that  in all the cases, energy of the pulses were conserved, the second 
conservat ion law was satisfied with good accuracy, and further, it was observed that  near the tai l  
end of the pulses, the osci l lations were absent. 
5. CONCLUSIONS 
We have proposed moving variable mesh schemes for the solution of the nonl inear SchrSdinger 
equat ion which includes the effects of l inear damping and nonhomogeneity in the propagat ion  
media. These schemes accurately predicted the location and the peak of the soliton with small  
number of mesh points. From the results, it was found that  the effect of presence of damping 
in the system caused the soliton pulses to decay, but  the pulses broadened to conserve energy. 
However, there was no change in the spat ia l  locat ion of the soliton. When the media  in which 
the sol iton was propagat ing was made nonhomogeneous, it was observed that  the sol iton pulses 
moved forward at a greater speed. 
Variable mesh schemes can be extended to higher dimensions as well. Currently,  we are extend- 
ing the appl icat ion of these schemes to the two-dimensional case with Dirichlet and Neumann 
boundary  condit ions. The results shall be reported separately. 
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